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Abstract

In a deterministic setting, we examine the problem of ordering
decision-makers exhibiting incomplete preferences over finite sets of
alternatives. We provide an axiomatic characterization of three novel
metrics: a decisiveness metric, an incompleteness metric, and a third
metric that captures aspects of both indecisiveness and incomplete-
ness. The proposed metrics, while being logically independent, are
nonetheless founded on two key properties: (i) the concept of or-
der extension and (ii) an invariance property related to the graph-
theoretic structure of a decision-maker’s preferences (Hasse-diagram
invariance). We further dwell on how the metrics introduced in this
paper relate to existing approaches in the literature, and on their
potential use in empirical work.
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1 Introduction

The rational decision-maker (DM) is understood to be endowed with a prefer-
ence relation over a choice set X that is transitive and complete. By complete,
it is meant that for any two alternatives x,y € X, the DM either prefers z
to y, y to x, or is indifferent between x and y. A DM who is sometimes
unable to order alternatives is said to have incomplete preferences. A DM
endowed with incomplete preferences is often indecisive on which alternatives
to choose from a given menu.

There is increasing experimental evidence that individuals’ preferences
are incomplete (see for instance Costa-Gomes, Cueva, Gerasimou, and Tejis¢ak
(2022) as well as the discussion below). Furthermore, indecisiveness naturally
arises in many contexts. Consider, for instance, a setting where a government
wants to elicit voters’ preferences between two income-maintenance policies.
The first of these consists of a combination of a basic income and a flat tax
and the second policy takes the form of an earned-income tax credit. Clearly,
most voters - at least those who have not majored in economics - would not
be able to assess the contrasting equity-efficiency tradeoffs these two policies
entail. As a result, many such voters would be left indecisive.

More generally, when choice involves complex options, or that the decision-
maker is not sufficiently familiar with, it is natural for them to be indecisive,
by postponing the decision for a later date (Gerasimou, 2018). If choice in-
volves aggregating the preferences of several committee members, it is often
likely that indecision arises due to lack of consensus. Finally, if X is a set
of social states, requiring the social planner to be endowed with a complete
social welfare ordering would be a very demanding assumption, ‘...for it is
only natural to allow social ethics criteria not to be able to rank every social
alternative! (Ok, 2002: p. 431).

The violation of the completeness axiom, together with the fact that
indecisiveness naturally arises in many decision-making contexts, raises sev-
eral fundamental questions that this paper addresses within a deterministic
framework. First, this poses the conceptual challenge of distinguishing pref-
erence incompleteness from indecisiveness. Second, it prompts the question
of how to quantify the degree to which preferences are incomplete and deci-
sion makers exhibit indecisiveness. Third, it raises the questions as to which
properties measures of preference incompleteness and indecisiveness should
satisfy. The paper answers these questions by axiomatically deriving mea-
sures of indecisiveness and incompleteness, and by analysing their common



structural features as well as the characteristics that differentiate them.

To ground these questions, it is important to clarify why a determinis-
tic setting is particularly relevant. The examples discussed above already
involve decision-making in such contexts, and more broadly, prior research
highlights mechanisms through which decision makers avoid making choices
in non-stochastic environments. For instance, Anderson (2003) identifies sev-
eral factors in the psychology of doing nothing, such as selection difficulty -
the complexity of trading off multiple attributes faced by an inexperienced
consumer - and attractiveness of option set - the overall attractiveness of the
options available to the DM. Similarly, as noted by Gerasimou (2018), the
presence of a very large number of alternatives often induces choice overload,
leading to indecisiveness. Furthermore, when goods exhibit highly similar
characteristics, decision makers may defer choice to a later date, allowing
time to acquire greater familiarity and improve their ability to discriminate
between alternatives (Abul Naga and Papi, 2025).

In this paper, we recognise that incompleteness and indecisiveness capture
distinct dimensions of decision-making ability. Specifically, we interpret a
decisiveness metric as reflecting the capacity to make choices across different
menus according to a specified decision rule (e.g., selecting the set of mazimal
or best elements). By contrast, an incompleteness metric abstracts from
any particular decision rule and evaluates the extent to which a preference
relation deviates from a complete ordering. Indeed, we argue below that the
problem of measuring incompleteness of preferences is particularly important
in empirical revealed-preference tests (Chambers and Echenique, 2016).

Yoko
Bob
I curry ~ pasta ~ tofu | 'pizza'| | ______
e e e e e e e e e e e - - - R ! 1 pizza !
L= - - - = |
Deepa o 7‘ 777777777
,,,,,, | pasta | | curry
| tofu | /
,,,,, N ot
\pasta | |pizza | |curry

Figure 1: A Motivating Example



A significant contribution in the literature on incomplete preferences is
a paper by Gorno (2018), who uses the concept of order extension, in a
deterministic setting, to provide a decisiveness ordering. In simple terms,
individual j’s preferences are an order extension of individual i’s preferences,
whenever ¢ and j order a subset of pairs of alternatives identically, and pos-
sibly 7 is able to order additional pairs of alternatives that ¢ is not able to
compare. According to Gorno (2018), therefore, j is regarded as more deci-
sive than ¢, whenever j’s preferences are an order extensions of i’s. Despite
being intuitive and appealing, this criterion cannot order any two preference
relations. With this definition in mind, we may summarise the contribution
of the paper with the help of the motivating example illustrated in Figure 1.
Consider then the three DMs - Bob, Deepa, and Yoko - of Figure 1 who have
preferences over a choice set comprising four dishes: curry, pasta, pizza,
and tofu. As comes out from the Hasse diagrams!, the order-extension cri-
terion alone cannot pairwise order any of the three DMs.

Building on this observation, we next introduce the three metrics devel-
oped in this paper. These metrics are grounded on two foundational axioms:
the order-extension criterion of Gorno (2018), which remains central to our
analysis, and an invariance property related to the graph-theoretic structure
of a DM’s preferences. The latter property - called Hasse-diagram invariance
- requires that, any two preference relations whose Hasse diagrams are equal
up to a relabelling of the alternatives should be regarded as equally decisive
(or incomplete). Together, these axioms provide the conceptual basis for the
measures we propose.

Observe first that, out of the three DMs of Figure 1, Deepa is the only
one who is able to identify a most preferred dish; that is, tofu. In this con-
text, it is therefore natural to regard Deepa to be the most decisive DM. The
first metric we develop in this paper, gpes, captures this intuition. Specifi-
cally, gpest counts the number of menus (non-empty subsets of the choice set)

LA Hasse diagram is a graphical representation of a finite partially ordered set that
shows its covering relations (partially ordered sets, also known as posets, are defined in
Section 3). Elements are represented as vertices, and edges connect pairs where one covers
the other (i.e., there is no intermediate element between them in the order). The diagram
is drawn so that if x is preferred to y, then x appears above y, and a path of edges
connects x and y. If no such path exists, the elements are incomparable. In this paper,
we adapt Hasse diagrams to represent preorders, placing the elements of each indifference
class within a dashed rectangle.



at which the DM is able to identify a most preferred alternative.? In the
textbook theory of the consumer, the principle that a DM chooses the most
preferred alternative(s) from a menu relies on the assumption that prefer-
ences are complete. When preferences are incomplete, one natural extension
of this principle is the best choice rule studied by Gerasimou (2018: Sec-
tion 2). Our decisiveness metric measures the DM’s ability to make choices
according to this rule.

Next, turning to Yoko, we observe that she only has three different ways
of completing her preferences. First, Yoko can become indifferent between
all four alternatives. Second, Yoko may rank pizza strictly above the three-
element indifference class. Third, she may place pizza strictly below the
three-element indifference class. On the other hand, as we shall discuss in
the paper, Deepa and Bob both have many more ways to complete their
preferences. In this respect, we could argue that Yoko has the most com-
plete preferences. Our incompleteness metric feurq_est - cOunting the number
of complete order extensions - captures this intuition. Namely, between a
person who cannot compare any pair of alternatives and a person endowed
with complete preferences, we are of the view that a DM’s preferences are
less complete, the larger number of possibilities available to complete their
preferences. As we discuss below, this metric also provides a useful tool in
revealed-preference analysis, where the number of complete order extensions
can be used to quantify both the informational power of a revealed-preference
test and the sharpness of the welfare conclusions that may be drawn from it.

Finally, turning to Bob, we observe that he is able to make the largest
number of binary comparisons between dishes; a total of four. On the other
hand, each of Deepa and Yoko can only compare three pairs of dishes. From
this perspective, it is natural to consider Bob to have the most complete pref-
erences. The third metric, Ncard—comp, captures this intuition by counting the
number of binary comparisons a DM can make. Interestingly, it is possible
to interpret this third metric as both a decisiveness measure and a measure
of preference incompleteness. The choice-theoretic literature indicates that
indecisiveness over a pair of alternatives x and y is revealed whenever DMs
either (i) choose both z and y (and some other conditions are satisfied) (Eliaz
and Ok, 2006), or (ii) DMs defer the choice between x and y (Gerasimou,
2018). In these models, the reason why the individual exhibits these choice
behaviours is that they are unable to compare z and y. As such, according to

2The concept of most preferred alternative will be formally defined in Section 3.



the metric hegrd—comp an individual ¢ is taken to be more decisive than some
other individual j, whenever there are fewer instances whereby individual ¢
is unable to compare a pair of alternatives x and y relative to individual j.

As simple as it is, the motivating example of Figure 1 highlights situ-
ations where the order-extension concept alone does not suffice to capture
all relevant aspects of decisiveness and preference completeness. This moti-
vates the development of complementary criteria, as proposed in the present
work. While all three metrics satisfy the two foundational axioms, each met-
ric is characterized by additional axioms that reflect distinct dimensions of
decision-making ability.® It is precisely these differing sets of axioms that
account for the logical independence of the metrics illustrated by the moti-
vating example.

In a revealed-preference exercise (Chambers and Echenique, 2016: ch.2),
observed choices, provided they satisfy appropriate rationality conditions
(such as Richter (1966)’s Congruence Axiom), enable the analyst to recover
information about an individual’s underlying preference relation. In practice,
however, observed choices are often limited and therefore reveal only part of
the agent’s preferences, resulting in the recovery of an incomplete prefer-
ence relation. Every complete order extension of the recovered relation may
then be interpreted as a candidate for the individual’s true underlying pref-
erences, as it remains consistent with the available evidence. Consequently,
a larger number of complete order extensions corresponds to greater uncer-
tainty regarding the agent’s underlying tastes. The incompleteness metric
characterised in this paper quantifies this uncertainty and may therefore be
used as a measure of the informational power of a revealed-preference test.
Relatedly, as we further discuss in Section 5, the computation of the metric
also provides an indication of the sharpness of the welfare-relevant conclu-
sions supported by the available evidence.

From here on, the structure of the paper is as follows. Section 2 discusses
the related literature; Section 3 introduces notations and definitions; Sections
4, 5, and 6 respectively characterise the decisiveness metric (Proposition 1),
the incompleteness metric (Proposition 2), and the hybrid metric (Proposi-
tion 3); Section 7 concludes. Proofs of results are relegated to the Appendix.
In the Supplement, we demonstrate the independence of the axioms used in
the characterisations of the various metrics.

3This point will be discussed further in the Conclusion section of the paper.



2 Related Literature

There is a large literature on choice under risk and uncertainty when pref-
erences are incomplete. Given that our framework is deterministic, we refer
the reader to Dubra, Maccheroni, and Ok (2004), who consider the problem
of providing an expected-utility representation of a DM’s incomplete prefer-
ences over lotteries, and to Chambers, Melkonyan, and Quiggin (2022) and
Halevy, Walker-Jones, and Zrill (2025) for overviews of the related literature
on choice under uncertainty and ambiguity.

Turning to the deterministic setting, Ok (2002) studies the problem of
providing a utility representation of incomplete preferences. There the au-
thor identifies conditions that enable the representation of an incomplete
preference relation using a finite set of utility functions. Hill (2012) proposes
a formal notion of confidence in one’s preferences that an alternative x dom-
inates an alternative y. In a finite setting, the author uses the result that an
incomplete preference relation is the intersection of its complete extensions,
as developed in Ok (2002). Specifically, in Hill (2012)’s approach, a DM is
more confident about one’s preference that x is preferred to y then that z is
preferred to w, if the set of complete extensions such that z is preferred to
w is a subset of the set of complete extensions such that x is preferred to y.
Eliaz and Ok (2006), on the other hand, axiomatically characterise a choice
procedure whereby a DM endowed with incomplete preferences chooses the
set of mazimal alternatives from any given menu. Gerasimou (2018) also as-
sumes the DM to be endowed with incomplete preferences, but, unlike Eliaz
and Ok (2006), considers a choice procedure whereby the DM chooses the set
of best alternatives from a menu, if any exists and defers choice, otherwise.
More recently, Abul Naga and Papi (2025) study the process through which
a DM endowed with incomplete preferences gradually discovers their tastes,
until they acquire complete preferences.

There are a number of papers that utilise specific distances between sets
in order to study theoretical and empirical aspects of indecisiveness. Specif-
ically, Klamer (2008) characterises a distance function between choice cor-
respondences that can select the empty set. More recently, Nishimura and
Ok (2024) derive a class of semimetrics to measure the distance between
preference relations. The contribution of Nishimura and Ok (2024) differs
from that of our paper in three ways. First, their paper focuses on mea-
suring the distance between preference relations, whereas our purpose is to
measure specific aspects of a given preference relation, namely how decisive



and /or how complete it is. Second, regarding the decisiveness metric we in-
troduce in Section 4, the two papers assume different choice procedures: in
Nishimura and Ok (2024), the DM selects the set of mazimal elements from
a given menu. On the other hand, we follow Gerasimou (2018) in assum-
ing that the DM selects the best elements from a menu, if any exist, and
defers choice otherwise. Third, as discussed above, measuring the extent to
which preferences are incomplete is important in its own right, as well as for
revealed-preference tests. In a follow-up paper, Nishimura and Ok (2023)
do not explicitly derive a decisiveness metric, but suggest in the concluding
section that an appropriate distance between a preference relation and its
best complete approximation may serve the purpose of being a measure of
decisiveness.

A growing body of experimental research indicates that the completeness
axiom may not always hold. Danan and Ziegelmeyer (2006) and Cettolin
and Riedl (2019) provide evidence that preferences are incomplete in exper-
iments involving choices under risk and uncertainty, respectively. Sautua
(2017), on the other hand, documents that regret aversion and indecisive-
ness are significant determinants of inertia in choices under uncertainty. In
experiments with real goods, Costa-Gomes, Cueva, Gerasimou, and Tejiscak
(2022) find that forcing subjects to choose increases the chances that their
choice behaviour is inconsistent. They report that a substantial fraction of
subjects’ decisions can better be explained by models of incomplete prefer-
ences. Finally, Ong and Qiu (2023) study an ultimatum-game experiment,
where conflicting preferences for the receiver may arise: between on the one
hand maximising their own payoff, and, on the other hand, being treated
fairly.

3 Notation and Definitions

Let X be a finite set of alternatives. We denote by R(X) the set of all
transitive and reflexive binary relations on X.* We call an element of R(X)
a preference relation and denote it by E = (X, =g). As the ground set X is
fixed throughout, from here on we write more compactly a preference relation
as E =>pg. Given a preference relation E, we write x > y whenever z > g y

4A binary relation R on X is said to be transitive whenever, for any z,y,z € X such
that z Ry and y R z, there holds  Rz. On the other hand, a binary relation R on X is
reflexive, whenever for any x € X, there holds = R z.



and it is not the case that y =g x. On the other hand, we write © ~g ¥y
whenever x =g y and y =g x. We call the relation =g strict preference
and the relation ~p indifference. We denote by P(X) the subset of R(X)
consisting of all transitive, reflexive, and antisymmetric binary relations on
X.5> We call an element E € P(X) a partial order or more simply a poset.

Given a preference relation £ and an alternative x € X, we denote the
strict downset (strict lower-contour set) of z at E by DO(x; E); formally,
DO(x; E) :={y € X : x =g y}. An alternative x is said to be minimal at
E whenever its downset is empty. On the other hand, an alternative z is
said to be maximal at E whenever there is no alternative y € X such that
Yy ~gZ.

Given a preference relation F, two distinct alternatives x,y € X are said
to be comparable at E if either x =g y or y =g x. Otherwise, x and y are
incomparable. We denote by comp(E) the set of pairs of distinct alternatives
that are comparable at E.5 Following Chambers and Echenique (2016: page
2), a subset of alternatives C' C X is said to be a chain whenever, for every
two distinct alternatives x,y € C, either x > y or y =g z, i.e., whenever
every pair of distinct alternatives in C' is strictly ordered. On the other hand,
the unique preference relation E that does not order any pair of distinct
alternatives is called an antichain.

For a preference relation E, a menu S (nonempty subset of X) is said
to have a best element whenever the set best(S;>=g) == {x € S : z =g
y for all y € S} is not empty. In this paper, we shall use interchangeably the
terms ‘set of best elements’ and ‘set of most preferred elements’. Note that,
when preferences are incomplete, the set of best elements is conceptually
different from the set of maximal elements.”

4 The Decisiveness Metric

The purpose of this section is to provide an axiomatic characterisation of
a function g : R(X) — N that counts the number of menus over which
the DM is able to identify a most preferred alternative. In particular, the

5A binary relation R on X is said to be antisymmetric whenever, for any z,y € X such
that x Ry and y Rz, there holds = = y.

¢Formally, comp(E) == {(z,y) e X x X :x #yand (x =g yory =g z)}.

"The set of mazimal elements of a menu S is defined as max(S; =g) :={r € S: Py €
Sst.y=gx}.



number ¢g(F) measures how decisive preference relation £ € R(X) is, and
g(E) > g(F) is interpreted as ‘preference relation E is at least as decisive as
preference relation F".

Our first axiom normalises the value of g to be equal to the number
alternatives in the choice set X in the case of a DM who is not able to
compare any pair of distinct alternatives.

Decisiveness Normalisation [DN]. Let £ € R(X) be an antichain.
Then, g(E) = | X]|.

In accordance with the reflexive property of a preference relation, the DN
axiom states that a DM faced with singleton menus is not confronted with
difficulties in selecting elements. In particular, under an antichain, the only
menus possessing a best element are singleton menus. Since there are exactly
| X'| such menus, the normalisation g(E) = | X]| is natural. Our next axiom,
INDIFF, formalises an invariance property of the decisiveness metric.

Indifference-Class Invariance [INDIFF|. Let E, F € R(X) be two
preference relations with the following properties.

(i) E contains a k-element indifference class a1 ~g -+ ~p ag;

(ii) F isidentical to E, except that the k-element indifference class is turned
into a k-element chain.?

Then, g(E) = g(F).

The intuition behind INDIFF is that turning a k-element indifference
class into a chain, should not have an effect on the DM’s ability to identify
a choosable element in a given menu. Since the purpose of the decisive-
ness metric is to quantify this ability, such a transformation should leave
decisiveness unchanged.

Suppose that in Figure 2 Yoko is indifferent between souvlaki and
moussaka and strictly prefers tofu over sushi and is otherwise unable to
compare dishes. Assume that, unlike Yoko, Deepa strictly prefers souvlaki
to moussaka, but she similarly prefers tofu over sushi. We argue that Deepa
and Yoko should be considered equally decisive: in both cases the two DMs

80ne such k-element chain could take the form: a; >=p a2 > --- =p ap. Another
chain could be ay =r ax_1 »p -+ =F ay, etc.

10



Figure 2: Indifference-Class Invariance

are able to make ‘national comparisons’ by ordering the two Oriental dishes
and the two Greek dishes, and are unable to make ‘international comparisons’
between Oriental and Greek dishes. Thus, the difference between these two
preference relations is not in the dishes they can compare, but rather in the
direction of their preferences. For this reason, INDIFF takes Deepa and Yoko
to be equally decisive.

Before we present our next axiom, we need to introduce further notation
as well as the concept of a passive pair. For a preference relation F € R(X)
with the property that a given pair (z,y) is not comparable at E, we denote
by E'U{z > y} the binary relation that results from appending the ordered
pair z > y to E. Observe that we refer to £ U {z > y} only as a binary
relation, because the resulting relation may fail to be transitive. Following
Caspard, Leclerc, and Monjardet (2012), we say that x > y is a passive pair
for E whenever E U {z > y} is a preference relation.”

We illustrate the concept of passive pair by returning to Deepa’s pref-
erences - that we denote as Fpeepa - depicted in Figure 2. There, we may
observe that souvlaki > sushi is a passive pair for Epeepa, in that Epeeps U
{sushi > souvlaki} results in a preference relation; that is, an element
of R(X). On the other hand, sushi > souvlaki is not a passive pair, as
Epeepa U {sushi > souvlaki} fails to satisfy transitivity, and accordingly
the latter binary relation does not belong to R(X).1 We note that, when a
passive pair exists for a preference relation F, it is a useful concept for the

9See in particular Definition 1.34 of page 21 in Caspard, Leclerc, and Monjardet (2012),
which is given in the context of partial orders. It is also common usage to refer to a passive
pair under the name of a critical pair. We are not aware of other names for this concept
in the field of decision theory.

108pecifically, at Epeepa U {sushi = souvlaki}, while tofu > sushi and sushi >
souvlaki, it is not the case that tofu > souvlaki.

11



study of incomplete preferences in that it adds exactly one comparable pair
to E and the resulting binary relation remains a preference relation.!!

Bob BobU {tofu > mouss}
souvlaki souvlaki

[sushi| | tofu | [sushi| | tofu |
moussaka moussaka

Figure 3: Minimal Decisiveness Increment

The next axiom we introduce seeks to characterise minimal increments
in a DM’s decisiveness. The axiom is based on the concept of passive pair.

Minimal Decisiveness Increment [MDI]. Let F € R(X) be a prefer-
ence relation with the following properties.

(i) « > y is a passive pair for E;
(ii) = is minimal at E.
Then, g(EU{z > y}) = g(E£) + 1.

Suppose that we are interested in identifying the conditions under which
adding comparable pairs to a preference relation F results in a decisiveness
increment that is minimal. A natural starting point to make a decisiveness
increment minimal is to add to a preference relation F precisely one ordered
pair, say x > y. As discussed above, requiring the added comparable pair to
be a passive pair achieves this objective. However, even if a passive pair x > y
is added to a preference relation F, its ‘location’ in the preference ranking
matters. For instance, we would expect that the implications in terms of

I Observe nonetheless that, if E takes the form of an incomplete partial order, it is
always true in this specific case that a passive pair for E exists. We exploit this convenient
property repeatedly in our characterisation results further down.

12



decisiveness of appending a passive pair x > y to E when x dominates
relatively many alternatives at FE, is not the same as appending the same
passive pair x > y to ' when x dominates relatively few alternatives at F.
As such, we expect that the addition of the passive pair x > y increases
decisiveness to a lower extent when alternative z is relatively less dominant.
For this reason, to make a decisiveness increment minimal, not only a passive
pair x > y should be added to a preference relation E, but also alternative
x ought to be minimal at F, in the sense that x does not dominate any
alternative at E. Consistently with this argument, the MDI axiom requires
that g(EU{x = y}) = g(FE)+ 1, only if (i) x = y is a passive pair for F, and
(ii) z is minimal at E.'2

In Figure 3 we observe that tofu > moussaka is a passive pair at Epgp.
Furthermore, tofu is a minimal element of Bob’s preference relation. Ac-
cording to axiom MDI, the increase in decisiveness from appending tofu >
moussaka to Bob’s preferences should result in the smallest possible incre-
ment; formally, g (Egop, U {tofu > moussaka}) = g (Egep) + 1.

Bob Bob U {sushi > taco} Bob U {sushi > taco}
U {sushi > tofu}

| | i | -
|sushi |sushi!  sushi !
| | . T e
Ltaco ! | tofu | / \ L tofu! / ‘ \
lcouscous lcouscous, | taco | lcouscous, | taco ! | tofu

Figure 4: Ratio

Before we introduce our final axiom - adapted from Nishimura and Ok
(2024) - we consider a motivating example depicted in Figure 4. Letting
Epy, denote Bob’s preference relation in the left-most panel of Figure 4,
we define B, := Epy U {sushi > taco} resulting from the addition of a
first passive pair sushi > taco (central panel of Figure 4). Next, we define
E%., = Eg,, U {sushi > tofu} resulting from the addition of a second
passive pair sushi > tofu to Bob’s initial preference relation Ep,, (right-
most panel of Figure 4).

12Recall that the function g maps the set of preference relation R(X) into the set of
natural numbers N. In this sense, a minimal increment in the value taken on by g is an
increment by one unit.

13



Given a preference relation, we shall say that a menu S is decisive for
an alternative z if the DM is able to identify x as a most preferred element
in S. The collection of menus that are decisive for a given alternative x is
called its decisiveness domain. We observe that Ep,, has the property that
Bob prefers sushi to couscous and is otherwise unable to order any other
pair of alternatives. Hence, sushi’s decisiveness domain at Ep,, is given by
menus {sushi} and {sushi, couscous}.

Consider next the preference relation E’,,. Clearly, the decisive menus
for sushi at Ep,, continue to be decisive for sushi at E’%,. However, by
appending the passive pair sushi > taco, the decisive menus {sushi} and
{sushi, couscous} generate additional decisive menus {sushi,taco} and
{sushi, couscous, taco}. Thus, every decisive menu at Epg,, gives rise to
exactly one additional decisive menu at E;,,. As a result, sushi’s decisive-
ness domain expands from two menus at Ep,, to four menus at E’g,,.

Now consider the preference relation E7, ,. As before, the decisive menus
for sushi at E’, continue to be decisive at E'%,. Similarly to the pre-
vious case, by appending the second passive pair sushi > tofu, every
decisive menu at E} , generates an additional decisive menu obtained by
appending the newly dominated alternative tofu. Specifically, {sushi},
{sushi, couscous}, {sushi, taco} and {sushi, couscous, taco} respectively
generate {sushi, tofu}, {sushi, couscous, tofu}, {sushi, taco, tofu} and
{sushi, couscous, taco, tofu}. As a result, sushi’s decisiveness domain ex-
pands from four menus at E’; , to eight menus at E7 .

More generally, whenever a passive pair x > y is appended to a preference
relation, every decisive menu S for z generates an additional decisive menu
S U {y} obtained by appending y. Consequently, each passive-pair addition
involving x as the dominant alternative replicates the existing decisiveness
domain of z. Our final axiom, RATIO, formalises how the DM’s decisiveness
should evolve in response to the addition of such passive pairs.

Ratio [RATIO]. Let E € R(X) be a preference relation with the fol-

lowing properties.
(i) = > y is a passive pair for F;
(ii) = > z is a passive pair for FU {z > y}.

Then,
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g(EU{z - yy Uiz - z}) — g(EU{z - y})
g(EU{z - y}) —g(E)

=2

The replication argument developed above is local in nature: it describes
how the collection of decisive menus for a given alternative evolves when
passive pairs are added. Decisiveness, however, is a global concept: since
expanding the decisiveness domain of an alternative increases the range of
choice situations in which the DM can identify a best element, it is natural
to require the DM’s decisiveness to respond to such expansions.

Observe that Axiom 3 of Nishimura and Ok (2024) considers combina-
tions of additions of incomparable pairs to a preference relation (these need
not be passive pairs), or removals of comparable pairs. Accordingly, our
formulation specialises Axiom 3 of these authors, in that we only consider
additions of passive pairs.

With these four axioms, we are ready to characterise the decisiveness
metric of this paper.

Proposition 1. Let E € R(X) be a preference relation, and let g : R(X) —
N. Then, the following statements are equivalent.

(i) The function g satisfies DN, INDIFF, MDI, and RATIO.
(i) g(E) = > 6g(S), where

SC2X\

55(S) = {1 best(S; =g) £ 0

0 otherwise.

Proposition 1 characterises a decisiveness metric g that counts the num-
ber of menus S (nonempty subsets of X') at which the DM’s preferences have
a best alternative. We call the resulting function g¢p.s;. In the Supplement,
we show that the axioms characterising the decisiveness metric are logically
independent. As noted above, our understanding is that to every decisiveness
metric is associated a particular decision rule. Recall that the best decision
rule associated with ges; was proposed and studied in Gerasimou (2018).
Clearly, the adoption of alternative decision rules opens the door for charac-
terisations of other decisiveness metrics. We elaborate on this point further
in the Conclusions.
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We furthermore note that the decisiveness metric of Proposition 1 satisfies
the two foundational axioms informally discussed in the Introduction. We
now state these two axioms formally.

Strict Order Extension [SOE]. Let E,F € R(X). If E and F are
distinct and F' is an order extension of F, then g(F) > g(FE).

Suppose that a preference relation F' is an order extension of a distinct
preference relation E. This means that F' orders the alternatives in the
same way as F does and additionally is able to order at least one extra
pair of alternatives. It is natural to consider F' to be more decisive than E.
Consistently with this argument, SOE requires g(F') > g(FE).

We next turn to Hasse-diagram invariance.

Hasse-Diagram Invariance [HASSE]|. For all preference relations E, F' €
R(X), if the Hasse diagrams of £ and F are equal up to a relabelling of ver-
tices, then g(E) = g(F).

Deepa Bob
vofw (salad|
| salad | , Sushi |
| sushi | \tofu,

Figure 5: Hasse-Diagram Invariance

Suppose that in Figure 5 Deepa strictly prefers tofu over sushi and is
unable to compare both tofu and salad, and sushi and salad. On the
other hand, Bob strictly prefers salad over tofu and is unable to compare
both salad and sushi, and tofu and sushi. The purpose of axiom HASSE
is to consider these two preference relations to be equivalent in terms of de-
cisiveness. The reason is that Deepa and Bob’s preferences share the same
‘structure’, in that both DMs have a strict preference over two alternatives
- call them x and y - and are unable compare a third alternative z and the
former two alternatives. Thus, the difference between these two preference
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relations is not in their underlying structure, but in the labelling of the alter-
natives. In fact, one could obtain the preferences of Bob over the three dishes
by simply relabelling the alternatives that are ordered by the preferences of
Deepa, while leaving the underlying preference structure unchanged. The
purpose of HASSE is to capture this form of invariance.

95 (S)
Yoko | Bob | Deepa
Singletons 4
{curry, pasta}
{curry, pizza}
{curry, tofu}
{pasta,pizza}
{pasta, tofu}
{pizza, tofu}
{curry, pasta, pizza}
{curry, pasta, tofu}
{curry, pizza, tofu}
{pasta, pizza, tofu}
{curry, pasta, pizza, tofu}

Gbest (E>

Menus

W~

=== =] O == O = OO

[e o] NenlNen] Nenl Bl Nenl Nanl it U Nenl I -t Nan ) i
OO OO+ R R OO~

—_
—_

Figure 6: Illustration of the decisiveness metric gpest

To illustrate the working of our decisiveness metric gpes, We return to
the opening example of this paper (Figure 1). Consider the three DMs -
Yoko, Bob, and Deepa - who are confronted with choosing between the dishes
of the motivating example. By going through the list of 2* — 1 nonempty
menus S, the decisiveness metric gpes:(F) aggregates the value of the dummy
variable dg(S) taking the value 1 when the DM is able to locate a best
element. For each menu S and for each of the three DMs, the value of §5(5)
is reported in Figure 6. From the last row of the table of Figure 6, we note
that gbest(EYoko) = 87 gbest(EBob) = 95 and gbest<EDeepa) = 1L ACCOI‘dng
to this decisiveness metric, Deepa is the most decisive and Yoko is the least
decisive of the three DMs.

We conclude this section with a remark about the complexity of comput-
ing grest- In the proof of Proposition 1 (see Appendix), we show that gpes
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satisfies the following identity.

Grest(E) = Z 9| DO(;E)| (1)

zeX

While the example provided in Figure 6 may give the impression that the
computation of gpes 18 complex due to the exponential number of menus
involved, the identity (1) reveals that the computation of this metric can be
achieved in a polynomial number of steps. Namely, identity (1) shows that
it is not necessary to enumerate all menus. Instead, it suffices to determine,
for each alternative x € X, the number of alternatives it dominates and then
aggregate the resulting quantities.

5 The Incompleteness Metric

We now turn our attention to the measurement of the degree of incomplete-
ness inherent in a preference relation. Between a person who cannot compare
any pair of alternatives and a person endowed with complete preferences, we
are of the view that a DM’s preferences are less complete, the larger number
of possibilities available to complete their preferences. The purpose of this
section is to characterise such a metric.

For a given preference relation F, we denote its set of complete order
extensions by C(F); formally,

C(F):={G € R(X) : G is a complete order extension of E}

Figure 7 shows the set of order extensions of Bob’s preferences, Fpg,
of the motivating example (Figure 1). Observe that the set of preference
relations contained in the dashed rectangle at the top of Figure 7 is the set
of complete order extensions C (Epy,) of Bob’s preferences. Towards char-
acterising the incompleteness metric, we first state a definition of preference
decomposition.

Definition 1 (Preference Decomposition). Let E € R(X) be an incom-
plete preference relation. A set of preference relations (Py, ..., Pk), each of

18



its elements being distinct from E, is a preference decomposition of F
whenever (C(Py),...,C(Px)) forms a partition of C(E)."3

It is worth noting that a trivial preference decomposition of E is given
by the case where each of Pi,..., Px is a complete order extension of FE.
Nonetheless, Definition 1 is more general in that Py, ..., Px can include both
complete and incomplete preference relations.

: 1
1
' ' pizza) ' pizza) !
I LY. [ el [ 1
! L S A ~ 119 aetr. | 1
|| pizgas STy, \ \ \ \pizza) .
| ey I ;AT | | [egiiruii 1
! | |pizza] L CUTEY pastal | .
| irag I Ty o~ ot !
! pasta) | | | UEEY Y pastal

| egiray | Jengpragi I Ryvvrrr
' \ pasta pasta | GUTTY ! | !
' L tofu ‘ ‘ ‘ itofu !
- = - - 1
: tofu tofu tofu !
[ / \\ |
R U, T _________________ ____________________ 1

| g I Sy1eamsr |

\pizza! |CUTTy! pizza!

| A eF o | Naat o | ;F11vrTesT
\pasta pastal |curry
L= = L=z
tofu tofy
' pizza)
| N
star 'curry
- - L2

Figure 7: The set of order extensions of Bob’s preferences Ep

In their study of order extensions of an incomplete relation F, Cham-
bers and Echenique (2016: Lemma 1.3) exploit the fact that, given an in-
comparable pair of alternatives (z,y) at F, a more complete relation can

13A collection of sets (S, ..., Sk) forms a partition of a finite set S whenever (i) each
set S; in the collection is not empty (non-empty property), (ii) S;N.S; = @ for every pair of
sets in the collection (pairwise disjointness), and (iii) S; U---U Sk = S (exhaustiveness).
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be obtained by augmenting E in three possible ways, namely by making x
strictly preferred to y, by making y strictly preferred to x, or by making z
and y indifferent. Building on this trichotomy, we provide a Decomposition
Lemma of a preference relation that leads to our characterisation below.

Given a preference relation F and a pair of alternatives x,y € X such that
x and y are incomparable at E, let Trcl(E U {a = b}) denote the transitive
closure of EU {a = b}.'* With this notation in mind, we now state the
following lemma.

Lemma 1 (Decomposition Lemma). Let E be an incomplete preference re-
lation and (x,y) an incomparable pair of E. Consider the following order
extensions of E:

P:=Trcd(EU{x > y})
Q :=Trc(EU{y = z})
R:=Trc(EU{zx ~y})

Then, (P,Q, R) is a preference decomposition of E, in the sense that
(C(P),C(Q),C(R)) form a partition of C(E).

The above result shows that with as few as three preference relations, it
is possible to obtain a preference decomposition in the sense of Definition
1. Note that this decomposition is parsimonious in the sense that it is not
possible to have a smaller set of preference relations that decompose E.1°
To illustrate the Decomposition Lemma, we return to Figure 7, where we
observe that curry and pasta are incomparable at Bob’s preference rela-
tion Fpy. To put the Decomposition Lemma at work, define the follow-
ing three preference relations: P := Trcl (Epy U {curry > pasta}), Q =
Trcl (Epe U {pasta > curry}), and R := Trcl (Epy U {curry ~ pasta}).
Observe that, while P is an incomplete preference relation, () and R are

14Observe that the transitive closure of E U {a > b} is equal to E U {a = b} if and only
if @ > b is a passive pair for E.

15Consider the following simple case: X = {a,b} and the preference relation E is such
that a and b are incomparable at E. Even in this simplest case, three relations are needed
in order to obtain the preference decomposition of F, namely, a preference relation Py
such that a > b, a preference relation P, where b > a, and a preference relation P3 where
a~b.

20



complete. As the set of complete extensions of P contains the three top-left
preference relation in Figure 7, and ) and R are also elements of C (Eg),
together C(P),C(Q),C(R) form a partition of C (Epy), as required in the
lemma.

Equipped with the Decomposition Lemma, our strategy here is to ax-
iomatise a function f : R(X) — N that maps each given preference relation
to a natural number, with the interpretation that f(E;) > f(£;) whenever
E; is less complete than F;. We consider the following axioms on f.

Completeness Normalisation [CN]. Let F € R(X) be a complete
preference relation. Then, f(F) = 1.

The above axiom normalises the value of f at unity for a complete pref-
erence relation. Our second axiom appeals to the Decomposition Lemma in
order to postulate an additivity property of f.

Additivity [ADD]. Let E,P,Q,R € R(X) be preference relations,

where E is incomplete. If (P, @, R) is a preference decomposition of E,

then f(E) = f(P) + f(Q) + f(R).

Recall from Definition 1 that when an incomplete preference relation F
can be decomposed into several other relations, then the set of complete
order extensions of the decomposing relations forms a partition of the set of
complete order extensions of the original preference relation E. Accordingly,
the ADD axiom requires the value of f at E to equal the sum of the values
of f at the decomposing preference relations P, (), and R.

We next state the central result of this section.

Proposition 2. Let E € R(X) be a preference relation, let C(E) denote the
set of complete order extensions of E, and let f : R(X) — N. Then, the
following statements are equivalent.

(i) The function f satisfies CN and ADD.
(it) f(E)=|C(E).

We call fourq—est the function of statement (ii) in Proposition 2. Turning
to the relevance of the metric for revealed-perference tests, we note that it
is most often the case that the data analyst at best is only able to recover
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an incomplete preference relation.'® Then, if every complete order extension
of the recovered preference relation ranks x above y, the available evidence
supports an unambiguous welfare ranking between the two alternatives. By
contrast, when some (but not all) complete order extensions rank z preferred
to y, welfare conclusions necessarily become more sensitive to the particular
completion of preferences adopted by the analyst.

Returning to the example of Figure 7, assume that a revealed-preference
exercise enables the analyst to recover the incomplete preference relation
depicted in the bottom Hasse diagram, i.e., Ep,. Accordingly, since Epg
has five complete extensions, then ferq—cot(EBoy) = 5.17 Furthermore, for
the pair (curry, pasta), we observe that there are three complete extensions
where curry is preferred to pasta, one complete extensions where pasta is
preferred to curry, and one where they are indifferent. Therefore, the avail-
able evidence does not yield a sharp welfare conclusion regarding the ranking
of curry and pasta. The metric characterised in Proposition 2 therefore pro-
vides a natural measure of the informational power of the revealed-preference
test. It is also the case that computing the set of complete order extensions
enables the analyst, as a byproduct, to assess the sharpness of the welfare
conclusions that can be drawn from the revealed-preference exercise.

As in the case of the decisiveness metric gp.s, it is to be noted here
that the axioms of Proposition 2 jointly imply the two foundational axioms
discussed in the Introduction and formally stated in Section 4, namely strict
order extension and Hasse-diagram invariance.'®

Returning to the motivating example (Figure 1), recall that Deepa is the
most decisive and Yoko the least decisive individual according to our decisive-
ness metric gpes- It is readily verified here that feura—ewt(Eyoro) = 3, and as
discussed above, feura—ext(EBoy) = 5. By repeated application of the Decom-
position Lemma, we also find that feurd—ecxt(Epeepa) = 13. These observations
reveal an important contrast: Yoko has the most complete preferences of the

16For further discussions of the limitations of revealed-preference tests when consump-
tion data are partially observed, see Section 3.2.3 in Chambers and Echenique (2016).

1"We may arrive at the result that feqrq—czt(EBoy) = 5 via two applications of the De-
composition Lemma. The first application consists in constructing the preference relations
P, @, and R as done in the example. Because Q and R are complete preference relations,
while the pair of elements pizza and curry are incomparable at P, a second application
of the Decomposition Lemma enables us to construct the three preference relations that
partition the set C(P).

18For the incompleteness metric foqrd—est, order extensions reduce the value of the
metric; that is, if F' is a strict order extension of E, then feord—ext(F) < feard—ezt(E).
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three individuals, while Deepa has the least complete preferences. Yet, recall
that Deepa is the most decisive according to gs.st, whereas Yoko is the least
decisive. This contrast underscores that the two metrics capture fundamen-
tally different dimensions of decision-making ability.

We conclude this section by discussing the complexity involved in comput-
ing the incompleteness metric. As previously established in the computer-
science literature (Pruesse and Ruskey, 1994), computing the set of linear
extensions of a partially ordered set can efficiently be undertaken in a poly-
nomial number of steps. Specifically here, the calculation of f..q_c.¢ is made
simple via repeated application of the proposed Decomposition Lemma.

6 Between a Decisiveness and an Incomplete-
ness Metric

There is some intuitive appeal in seeking to quantify the extent of incom-
pleteness of a preference relation by counting the number of pairs of distinct
alternatives that the DM is able to compare. Nonetheless, this raises an
important question as to whether such a metric measures aspects of incom-
pleteness or whether it measures indecisiveness. As discussed in the Intro-
duction, being able to identify a most preferred element in a menu generally
requires pairwise comparing that alternative with every other alternative in
the menu. This relationship motivates interpreting the third metric as a hy-
brid measure, capturing aspects of both preference incompleteness as well as
decisiveness. With this observation in mind, the purpose of this section is to
axiomatise a function h: R(X) — {0} UN, that counts the pairs of distinct
alternatives that a preference relation is able to order.

Given two preference relations E and F', we interpret h(E) > h(F) to
mean that E is a more complete (more decisive) preference relation than
F. The two foundational axioms defined in the Introduction and formally
stated in Section 4, namely SOE and HASSE, naturally extend to the present
context. Specifically, if F' is a strict order extension of E, then SOE requires
h(F) > h(E). Likewise, HASSE requires two preference relations whose
Hasse diagrams coincide up to a relabelling of the alternatives to be assigned
the same value; that is, h(E) = h(F).

Our next axiom normalises the value of h at zero for a DM who is not
able to compare any pair of distinct alternatives.
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Incompleteness Normalisation [IN]. Let £ € R(X) be an antichain.
Then, h(E) = 0.

To motivate our next axiom, consider any two preference relations E and
F', with the property that x > y is a passive pair for both £ and F. Suppose
that we are interested in comparing the marginal increment in completeness
by going from F to E'U{x > y} versus the marginal increment in complete-
ness by going from F' to F U {z > y}. Observe that, in transitioning both
from F to EU{z > y} and from F' to F'U{x > y}, the only change is given
by the addition of the very same passive pair x > y. It is therefore natural to
expect that the marginal increment in completeness is the same for the two
preference relations. Accordingly, our next axiom - called INDEP - requires
that h (FU{x > y}) — h(E) is equal to h (F U {z > y}) — h (F).

Independence INDEP]. Let £, F € R(X). If z > y is a passive pair
for both E and F, then h (EU{z > y}) —h(E) =h(FU{x = y}) — h(F).

To illustrate INDEP, return to Figure 3. Observe there, that sushi >
tofu is a passive pair for both preference relations. According to INDEP,
appending the passive pair sushi > tofu to both relations results in an
equal increment in completeness.

Recall that the purpose of the INDIFF axiom discussed in Section 3 is to
capture an invariance property of preference relations. In the context of the
metric h, INDIFF implies that h(E) = h(F).

With the above axioms, we are now ready to state the central result of
this section.

Proposition 3. Let E € R(X) be a preference relation and let h : R(X) —
{0} UN. Then, the following statements are equivalent.

(i) The function h satisfies SOE, HASSE, IN, INDEP, and INDIFF.

(i) h(E) = c- |comp(E)|, where ¢ € N is a constant.

Proposition 3 characterises, up to a constant, a completeness metric h
that counts the number of pairs of alternatives that the DM is able to com-
pare. We call hegra—comp the function of statement (ii) in Proposition 3, where
we normalise the constant c to take the value 1. Returning to the motivating
example, we observe that Bob is able to compare four pairs of dishes, while
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each of Yoko and Deepa can only compare three pairs of dishes. According to
heard—comp, Bob has the most complete preferences of the three DMs. More-
over, the metric is straightforward to compute in empirical applications, as
heard—comp 15 Obtained simply by counting the comparable pairs of alternatives
in the preference relation.

7 Conclusion

Given the increasing evidence about the difficulty of making decisions in
various environments, our paper has sought to introduce and axiomatically
characterise a number of decisiveness and incompleteness metrics. The ap-
proach we have adopted is to consider a decisiveness metric as capturing the
ability to make decisions across different menus, according to a specified de-
cision rule. On the other hand, by abstracting from a specific decision rule,
we have argued that an incompleteness metric examines global properties of
a preference relation.

Metrics

Gbest fcard—ext hcard—comp

Axioms

INDIFF
MDI
RATIO
ADD
SOE
INDEP
HASSE

Table 1: Properties of the Three Metrics

Our motivating example illustrated that the three metrics proposed in
this paper are independent. To dwell more on this point, we provide in
Table 1 a comparison of the three metrics in terms of the main axioms used to
characterise them. Observe that all three metrics satisfy versions of the order-
extension axiom of Gorno (2018), namely gpest and hegrd—comp satisfy strict
order extension (SOE), while f,;-q_c.t satisfies the dual of SOE, in the sense
that, if G is a strict order extension of E, then furd—ert(G) < feard—ext(E).
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Likewise all three metrics satisfy Hasse-diagram invariance (HASSE), which
we believe to be a minimal requirement for any metric that seeks to quantify
aspects of decisiveness or incompleteness. As argued in the Introduction,
we view these two axioms as the founding properties of the various metrics
developed in this paper. On the other hand, the distinguishing features of
the three metrics come out clearly from Table 1, in the sense that gpes is the
only metric to satisfy RATIO, f.org_est is the only metric satisfying ADD,
while hcgrd—comp is the only metric to satisfy INDEP.

An important question to consider from the perspective of the applied
researcher is the complexity involved in computing the three metrics intro-
duced in this paper. As discussed above, all three metrics that we derive
involve a number of calculations that is a polynomial function in the size of
the choice set. More broadly, the incompleteness metric f.urd—ezt provides a
way of quantifying the extent to which observed choice data identify an in-
dividual’s underlying preferences, and may therefore be viewed as a measure
of the informational power of a revealed-preference exercise. It also provides
an indication of the sharpness of the welfare conclusions that can be drawn
from the available evidence.

We next discuss limitations and omissions that could constitute research
directions for future work. To keep the analysis tractable, we have assumed
in the derivation of gy that all menus - small and large alike - carry the
same weight in counting the DM’s ability to identify a best element. One
possible extension is to assign different weights to alternative menus in the
derivation of an extension of gpes.

A natural area of application of the metrics developed in this paper arises
in the context of experiments. When taking the various metrics to the lab,
a key concern is that the choice procedures adopted by subjects may differ
from a procedure whereby the DM chooses the best elements from a menu.
In this sense, further research introducing decisiveness metrics based on al-
ternative choice procedures other than those considered in this paper would
be a welcome addition.

Appendix

Proof of Proposition 1

Necessity. The necessity part of the proof is readily verified and thus it is
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omitted.

Sufficiency. Let £ € R(X) be a preference relation, and let g : R(X) —
N denote a mapping from the set of preference relations to the set of natural
numbers. Assume that the function ¢ satisfies DN, INDIFF, MDI, and RA-
TIO. Our objective is to show that g(E) takes the form indicated in (ii) of
Proposition 1. We divide the proof into three Parts.

Part 1. Let P(X) denote the set of posets on X. For every E € R(X),
there ezists E' € P(X) such that g(E) = g(E").

Proof. Letting G € R(X) be a preorder that is not a poset, define p(G) to be
a set of posets with the property that every indifference class in GG is turned
into a chain in p(G), other things equal. Clearly, p(G) contains at least one
poset. Letting F' € R(X), define a mapping ¢ : R(X) — P(X) as follows.

F if F'is a poset
e(F) =19 ., .
F': F' € p(F) otherwise.

By possibly repeated application of INDIFF, we arrive at the conclusion that
g(F) = g (¢(F)), which is the desired result. O]

By Part 1, in the remaining part of the proof, we can restrict our attention
to the subset of R(X) consisting of the set of posets P(X).

Part 2. For any poset E € P(X), we claim that g(E) =3, 2P0,

Proof. From Brualdi, Jung, and Trotter (1994), the set of poset extensions
is ranked by the size of the comparability set.!® We want to show that,
for any poset E € P(X), g(E) = Y ,cy 2/P°@P We argue by induction
on the size of the comparability set |comp(E)|. Recall that |comp(E)| €

n(n—1)
{0,1,2,...,7}.

Base Step: |comp(E)| = 0. The only poset with the property that
|comp(E)| = 0 is the antichain Fy.?° Hence, DO(z, Ey) = 0 for all z €

19A poset E is said to be ranked whenever there is a rank function p : X — NU{0} that
assigns a non-negative integer to each element, satisfying two conditions: (i) a minimal
element has a rank zero (i.e., if # is minimal at F, then p(z) = 0), and (ii) if an element
y covers an element x (i.e., y >p x and there is no element strictly between them), then
p(y) = p(x) + 1.

20An antichain is a preference relation that is not able to compare any pair of distinct
alternatives.
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X. Thus, on the one hand, > _ 2IDO(z:Eo)l — Yowex 2’ =n-1=n, and
on the other hand, by DN, g(Ey) = |X| = n. It follows that g(Ey) =
> ey 2IPO@El as desired.

Induction Step: |comp(E)| = ¢ for ¢ such that 1 < ¢ < "1 Assume

2
that g(E) = Y, 2IPO@HI,

Let E.+1 € P(X) be a preference relation with the property that |comp(FE..1)| =
¢+ 1. By Brualdi, Jung, and Trotter (1994), there exists a poset E, with
the properties that |comp(E.)| = ¢, (y > z) is a passive pair for E., and
E.U{y = z} = Ec.y1. Then, DO(w; Ecy1) = DO(w; E,) for all w € X \ y
and DO(y; E.y1) = DO(y; E.) U {z}. We want to show that g(E..1) =
> ey 2P0l We distinguish two cases.

Case (i): |[DO(y; Ec)] = 0. Then, Y 2IPO@F = 37\, 2lPOElY
20, and ), 21PO@E)l = D eex\(n) 2IPO@:E) 1 21 On the other hand,
by the induction step, g(E.) = 3 ,cx\ g 2707 + 1. Furthermore, y
is a passive pair for E. and y is minimal at E.. Hence, by MDI, g(E..;) =
g(E.)+1. Therefore, g(E.1) = g(E.)+1 = <erx\{y} 21PO@;Ee)l 4 1) +1=
D reX\{y} 21PO@:E] 4 2 ag desired.

Case (ii): |DO(y; E.)| = d, where d > 1. Hence, |DO(y; E.11)| = d + 1.
Since d > 1, then y has at least one lower cover at E. - call it v. Take a
poset E._; with the property that E._; is identical to E., except that (y,v)
is incomparable at E. 1. Then, y > v is a passive pair for F. 1, E._ 1 U{y >~
v} = E,, and |comp(E,_1)| = ¢ — 1. On the one hand, ) _, 2/PO@E—1)l =
erX\{y} 9IDO(z:Ee-1)| 4 2d—17 Z:peX 9IDO(z;Ee)| — Z:BEX\{y} 9IDO(z:Ee—1)| 4 2d’
and Y 2IPO@Eer)l = D eex\ () 2IPO(:Ee—1)l 4 2d+1  On the other hand,
by the induction step, g(Ee1) = Y ,cx\yy 270@ P + 271 and ¢(E,) =
erx\{y} 2|PO(:Ee—1)l 4 24 Observe that, by construction, y > v is a passive
pair for E,_; and y > z is a passive pair for E._; U{y > v} = E.. Hence, by
RATIO,

9(Ee Uy = v} U{y = 2}) — g(E. 1 U{y = v})
9<Ec—1 U {y - U}) - 9<Ec—1)

Since E.41 = E.1 U{y > v} U{y > v}, then we can rewrite the above as
follows:

=2
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9(Eerr) = (Toexyg 27055 +27)
(S 20065 4 24) = (5,50, APOEED] 4 201

By solving the latter ratio for g(E.+1), we arrive at g(Eei1) = D cx\ 1y 2
21 Hence, g(Fep1) = Zzex\{y} 2IDO(w;Ee—1)| 4 9d+1 _— S ex 9IPO(@iEes1)|
which is the desired result. ]

Part 3. For any preference relation E € P(X), Y, 2/PO@E] = > scax\p 0B(S),
where

=2

|DO(w3Ee—1)] 4

5p(S) = 1 if S has a =g-best element.
g 10 otherwise.

Proof. Take a menu S C 2% \ (). By definition, dg(S) = 1 if and only if
best(S; =g) # (). Since E is a poset, then best(S; =) # 0 implies best(S; =g
) = {x} for some z. Hence, given z € X, define §” := {S € 2¥\ 0 :
best(S; =g) = {x}} to be the set of all menus that have the property that
the set of best elements at menu S according to £ is not empty and equal
to z. Clearly, S € §* implies x € S. Thus, the following holds.

PBRECIED BB AC)
SC2X\ z€X Se8*
Next, consider a non-empty menu 7" € §*. Observe that, if S € §, then (i)
T € 8% for all T such that x € T' C S, and (ii) the largest menu contained in
S% is given by 7" = DO(x; E)Ux. Then, (i) and (ii) imply that > ¢_s. 0r(S)
is given by the number of subsets of DO(z; E), i.e., 21P9@E) - Therefore, the
following holds.

> 0e(9)=> > u(S)

SC2X\ z€X Se8*
— Z 9IDO(;E)|
reX
which is the desired result. O]
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Proof of Lemma 1

Let E € R(X) be an incomplete preference relation. Since F is not complete,
there exists a pair (z,y) € X x X such that z and y are not comparable in
E. Recall that preference relations P, Q), R are defined as follows.

P :=Trc(EU{zx > y})
Q:=Trc(EU{y > x})
R:=Trcd(EU{x ~y})

We are now ready to prove that (C(P),C(Q),C(R)) forms a partition of
C(E). It is readily verified that, by construction, C(P) N C(Q) = C(P) N
C(R) = C(Q)NC(R) = 0. We next show that (C(P),C(Q),C(R)) forms
a covering of C(E); that is, we show that there is no preference relation
FeC(E)\(C(P)UC(Q)UC(R)). Suppose not.

Then, since F' is a complete preference relation, it must be able to order
(z,y). Suppose WLOG that x =p y.*! Since F and P order (z,y) in the
same way and F € C(E) \ C(P), then there must be some other pair of
alternatives (z,w) that F' and P order differently. We distinguish two cases
depending on whether or not x > y is a passive pair for E.

Case (1): = > y is a passive pair for E. That is, P = Trcl(E U {z >
y}) = EU{x = y}, from the definition of passive pair. Since F is a complete
preference relation, F' € C(F), and x =g y, then it means that - for all
(a,b) € X x X -a »=p b= a = b, implying that I is an order extension
of P. However, this contradicts the fact that there is a pair of alternatives
(z,w) that F' and P order differently.

Case (2): x > y is not a passive pair for E. Therefore, E U {z >
y} C Trel(E U {x = y}) = P. This means that, in the context of P, a
necessary condition for resolving the incomparability between z and y by
having = > y is to resolve some other incomparabilities. Specifically, let
T :=Trcd(EU{z > y})\ (EU{z > y}) denote the set of extra ordered pairs
that result from taking the transitive closure of F'U{z > y}. Hence, for any
(v = w) € T and any order extension E’ of F| it follows that, if z > y, then
v =g w. Therefore, since by assumption x >=r y and F' is an order extension

21The cases where  ~r y and y = x are similarly handled. See in particular the first
part of the proof.
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of E, then it follows that v = w. Recall that P = EU {x = y} UT. But
then, arguing as we have done in Case (1), this implies that there is no pair
of alternatives (z,w) that F and P order differently. The latter produces the
desired contradiction.

Hence, there is no complete preference relation F' € R(X) such that
F ¢ C(P)UC(Q)UC(R) and yet F' € C(E). Therefore, (C(P),C(Q),C(R))
forms a covering of C(E).

Finally, we show that the set covering C(P)UC(Q) U C(R) equals C(E).
We have shown above that C(E) C C(P)UC(Q) UC(R). We next show that
C(P)UC(Q)UC(R) C C(E). To this effect, assume to the contrary that there
is S € C(P)UC(Q)UC(R)\ C(F). WLOG assume that S € C(P)\ C(E).
Then, S is a complete preference relation. Since P is an order extension
of E and S is an order extension of P, then it follows (from transitivity)
that S is an order extension of E. Hence, S € C(F). This is the required
contradiction.

This concludes the proof of the lemma. W

Observe that, in the above proof, Case (1) may be illustrated in the
context of the example of Figure 7, where curry > pasta is a passive pair
for Bob’s preferences. The argument developed in Case (2) of the proof, on
the other hand, may be illustrated by taking the transitive closure of the
union of Bob’s preference relation and the ordered pair pasta > curry.

Proof of Proposition 2

Necessity. It is readily verified that, if f counts the number of complete
preorder extensions, then CN and ADD hold.

Sufficiency. Assume that f satisfies CN and ADD. In order to construct
a proof by induction, define a finite set

S(X) :={s € N : there is a preference relation £ € R(X) such that s = |C(F)|}

containing all the natural numbers s that have the property that there is
a preference relation £ € R(X) such that the number of complete order
extensions of E is exactly equal to s. We observe that min S(X) = 1 and
max S(X) = n*, where n* is finite. That is, for a complete preference relation
E on X, |[C(E)| = 1 whereas for a preference relation E, with an empty
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comparability set, |C(Ep)| = n*.** For convenience, denote the elements of
S(X) by {s1,82,...,Si,...,5m}, where s1 = 1, spy = n*, and s; < s;4; for
allic{1,...,M—1},.

Let £ € R(X), and let C(E) denote the set of complete order extensions
of E. We want to show that f(F) = |C(F)|. We argue by induction on

|C(E)| € {817-"78i7"'asM}'

Base Step: assume that |C(F)| = s; = 1. Then, E is a complete pref-
erence relation, and has one complete order extension, i.e., itself. By CN,

f(E) = 1. Thus, f(E) = [C(E)].
Induction Step: assume that f(F)=|C(E)|=s; forall 1 <i< M.

Consider a preference relation £ € R(X) such that |C(E)| = s;11. We
want to show that f(E) = |C(E)| = si41.

Since |C(E)| = s;41 > 1, then there exists a pair of alternatives (z,y)
such that z and y are not comparable at E. Let P := Trcl(E U {z > y}),
Q = Trcd(EU{x < y}), and R := Trcl(FE U {z ~ y}). By Lemma I,
(C(P),C(Q),C(R)) forms a partition of C(E). By ADD, f(E) = f(P) +
f(@) + f(R). Since, by construction, P,Q, R are order extensions of FE,
then each of P, (), and R must have fewer complete order extensions than
E. That is, max{|C(P)[,|C(Q)|,|C(R)|} < s; < S;+1. Therefore, by the
induction step, f(P) = |C(P)|, f(Q) = |C(Q)|, and f(R) = |C(R)|. Hence,
J(E) =[C(P)| +[C(Q)| + |C(R)].

On the other hand, suppose, by contradiction, that |C(E)| # |C(P)| +
IC(Q)| + |C(R)|. Recall that, by Lemma 1, (C(P),C(Q),C(R)) forms a par-
tition of C(E). Hence, it cannot be that |C(E)| > |C(P)| + |C(Q)| + |C(R)|
or [C(E)| < [C(P)[ +[C(Q)] + |C(R)]. Therefore, |C(E)| = [C(P)[ +[C(Q)| +
IC(R)| = f(FE), which is the desired result. B

Proof of Proposition 3

Necessity. It is readily verified that, if - up to a multiplicative constant
¢ € N - h counts the number of comparabilities, then h satisfies SOE, HASSE,

22For instance, when X = {z,y}, Ey has three complete order extensions, whereas
every complete relation has one order extension (namely, the relation itself). Hence, for
X ={z,y}, S(X) = {1,3}. Similarly, if X = {x,y, z}, then Ey has |C(Ep)| = 13 complete
extensions, and S(X) = {1, 3,5, 13}.

32



IN, INDEP, and INDIFF.
Sufficiency. Assume that h satisfies SOE, HASSE, IN, INDEP, and
INDIFF. The proof is divided into two parts.

Part A. By INDIFF, we can map every E € R(X) to F in P(X). The
proof of this claim is as given in the proof of Part 1 of Proposition 1.

Part B: For every £ € P(X), we prove by induction on the number k
of comparabilities that A must be of the form h(E) = ¢ - |comp(FE)|, where
c € N is a constant.

Base Steps. Let Ejy be the unique partial order that is not able to
compare any pair of alternatives. At k = 0, we appeal to IN to conclude that
h(Ey) = 0. At k = 1, from HASSE, h(E) = ¢ for all E € P(X) with one
comparability. By SOE, ¢ > 0.

Induction Step. Assume that for k = m, h(E) = ¢ - m, for some m €

{1,...,@ — 1}. We want to show that, for k = m+1, h(F) =c-(m+1)

for all F' € P(X) with m + 1 comparabilities.

Because F is an incomplete partial order, from Brualdi, Jung, and Trotter
(1994), E has a passive pair a > b with the property that F' = E'U {a > b}.
Furthermore, observe that the same ordered pair a > b is a passive pair
for Ey. Therefore, there is some partial order GG that has the property that
G compares exactly one pair of elements, namely at G, a > b. But from
the base steps, h(G) — h(Ey) = c¢. Hence, from INDEP, h(F) — h(E) = c,
and therefore h(F') = ¢ + h(E). It follows from the induction step that
h(E) = ¢ - m, and therefore, h(F) = c¢- (m + 1), as required. B
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Supplementary Material
Measurement of Incompleteness and Indecisiveness of a

Preference Relation

Ramses H. Abul Naga * Mauro Papi
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In this supplement, we demonstrate that the axioms proposed in the
paper are logically independent.

Independence of the Axioms of Proposition 1

INDIFF, MDI, and RATIO do not imply DN. Assume that X =
{z,y}. Call Ey the preference relation at which the DM is not able to order
x and y, F; the preference relation at which x > y, E5 the preference relation
at which y > z, and Ej5 the preference relation at which x ~ y.

Suppose that g(Ey) =0, g(Ey) =1, g(E2) = 1, and g(E3) = 1. Observe
that INDIFF holds, as g(F1) = g(E2) = g(F3). Furthermore, MDI holds as
well, as g(Ey) = g(E») = g(Ep) + 1, and RATIO vacuously holds. However,
DN is violated, as g(Ey) # 2 (where 2 is the cardinality of the choice set X).

DN, MDI, and RATIO do not imply INDIFF. Reconsider the two-
element choice set of the previous example and let g(Ey) = 2, g(E1) = 3,
g(Es) = 3, and g(F3) = 4. Observe that DN clearly holds. For the same

reasons as those of the previous example, MDI and RATIO hold. However,
observe that INDIFF is violated, because g(E1) # g(Es).

*Department of Economic Theory and Economic History, University of Malaga; and
Université Mohammed VI Polytechnique.
"Business School, University of Aberdeen.



DN, INDIFF, and RATIO do not imply MDI. Reconsider the two-
element choice set of the first example and let g(Ey) = 2, g(F1) = 4, g(F») =
4, and g(F3) = 4. For the same reasons as those of the previous example, DN
and RATIO hold. Furthermore, notice that INDIFF holds as well, because
g(E1) = g(Ey) = g(E3). However, observe that MDI is violated, because

9(Er) # g(Eo) + 1.

DN, INDIFF, and MDI do not imply RATIO. Assume that X =
{z,y,z}. Call E, the preference relation at which the DM is not able to
order any pair of alternatives. Next, call F; a preference relation at which
the DM strictly prefers one alternative over some other alternative and they
are otherwise unable to order the remaining two pairs of alternatives, and Ey
a preference relation at which the DM is indifference between two alterna-
tives and is otherwise unable to order the remaining two pairs of alternatives.
Furthermore, call E3 a ‘V-shaped’ preference relation at which an alterna-
tive is dominated by two other alternatives and the DM is unable to order
the remaining pair of alternatives, and F, an ‘inverted V-shaped’ preference
relation at which an alternative dominates two other alternatives and the
DM is unable to order the remaining pair of alternatives. Finally, call Es5 a
three-element chain and Fg a three-element indifference class.

Suppose that g(EO) =3, g(El) =4, g(E2> =4, g(E3) =9, g(E4) =T,
g(E5) =8, and g(Fs) = 8. Observe that DN clearly holds. Next, notice that
INDIFF holds, because under a suitable labelling of the alternatives g(FE;) =
g(Es) and g(Fs5) = g(Fs). Furthermore, MDI holds as well, because under a
suitable labelling of the alternatives g(E;) = g(Ep)+1 and g(Es) = g(Ey)+1.
However, observe that under a suitable labelling of the alternatives RATIO

f 9(Es)—g(E1) _ 7-4 _
is violated, because GB) 9By — 13 = 3£ 2.

Independence of the Axioms of Proposition 2

Return to the case of a two-element choice set of the previous section, and
consider the following two specifications.

e CN does not imply ADD: f(F;) =1, f(E;) =1, f(E3) =1, and

f(Eo) = 5.
« ADD does not imply CN: f(F,) = 2, f(E,) =3, f(E3) =4, and
J(Ey) =9.



Independence of the Axioms of Proposition 3

SOE, HASSE, INDIFF, and INDEP do not imply IN. Assume that
X = {x,y}. Call E, the preference relation at which the DM is not able to
order x and y, F; the preference relation at which x > y, Fy the preference
relation at which y > x, and Ej3 the preference relation at which x ~ y.

Suppose that h(Ey) = 1, h(Ey) = h(E2) = h(Es) = 2. Since h(E,) =
h(E2) = h(F3), then both HASSE and INDIFF hold. Observe that SOE
holds too, because h(Ey) < h(Ey) = h(E2) = h(E3), and INDEP vacuously
holds. However, IN is violated, as h(Ey) # 0.

IN, HASSE, INDIFF, and INDEP do not imply SOE. Reconsider
the two-element choice set of the previous example and let h(Ey) = h(FE;) =
h(Es) = h(E3) = 0. For the same reasons as those of the previous example,
HASSE, INDIFF, and INDEP hold. Furthermore, IN holds too, as h(Ey) = 0.
However, SOE is violated, as E; is a strict order extension of Fy and yet

h(Eo) = h(E).

IN, SOE, INDIFF, and INDEP do not imply HASSE. Consider a
three element-choice set X = {a, b, c}. Call & the set of preference relations
at which the DM is able to order k pairs of alternatives, with £ = 0,1, 2, 3.

Construct the h function as follows. Assign a value of 0 to the unique
preference relation in &. Next, assign a value of 2 to all preference relations
in & that have the property that they are able to compare (a,b), and assign
a value of 1 to the remaining preference relations in & . Moreover, assign
a value of 3 to all preference relations in in & that are able to compare
(a,b), and assign a value of 2 to the remaining preference relations in &,.
Finally, assign a value of 4 to all preference relations in &. Clearly, IN holds.
Observe that SOE holds as well, because - by construction - a preference
relation assigned a value of 2 in &, is never an order extension of a preference
relation assigned a value of 2 in £, because the latter ones are able to compare
(a,b), while the former ones are not. Furthermore, INDIFF holds, because
all preference relations &3 are assigned the same value, and the preference
relations in & have the properties that, if they are able to compare (z,vy),
then they are assigned the same value. Observe that INDEP holds too,
because - by construction - the increment in the A function is equal to 2 if
the added passive pair is a > b or b > a, and equal to 1, otherwise. Finally,
observe that HASSE is violated, because in & a preference relation that



such that a > b (and ¢ is incomparable) is not assigned the same value as a
preference relation such that a > ¢ (and b is incomparable).

IN, SOE, HASSE, and INDEP do not imply INDIFF. Return to
the two-element choice set of the first example, and let h(Ey) = 0, h(E;) =
h(E3) =1, and h(FE3) = 2. Clearly, IN, SOE, and HASSE hold. Furthermore,
INDEP vacuously holds. Observe that INDIFF is violated, as h(E,) # h(E3).

IN, SOE, HASSE, and INDIFF do not imply INDEP. Return to
three element-choice set X = {a, b, ¢} of the third example, and construct the
h function as follows. Assign a value of 0 to the unique preference relation in
&y. Next, assign a value of 1 to all preference relations in £;. Moreover, assign
a value of 3 to all V-shaped preference relations in £ and assign a value of 2 to
all inverted V-shaped preference relations in &. Finally, assign a value of 4 to
all preference relations in £3. Clearly, IN and SOE hold. Observe that HASSE
holds as well, because all preference relations with the same Hasse diagrams
are assigned the same value. Next, INDIFF holds too, because all preference
relations in & are assigned the same value, as well as all preference relations
in &. However, INDEP is violated. To see why, let Fy € & and I € &,
with the property that ¢ >p a and ¢ =g b. By construction, h(Ey) = 0,
h(EyU{b = a}) = 1, h(F) = 2, and h(F U {b > a}) = 4. Hence, while
f(EoU{b > a}) — f(Ey) =1, f(FU{b > a}) — f(F) = 2, in violation of
INDEP.
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