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Abstract

We examine the problem of ordering decision-makers exhibiting incom-
plete preferences, by the extent of their decisiveness. We provide an ax-
iomatic derivation of a new decisiveness ordering and two decisiveness met-
rics, and explore how these relate to one another, and to existing approaches
in the literature. Illustrative examples are provided using consumer choice
data.
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� X
E := (X,�,≻) x ≻ y

x � y y ⊁ x x ∼ y x � y y � x,
≻ ∼
x y X x � y y � x

x || y x y
(X,�,≻)

inc(X,�,≻) := {(x, y) ∈ X × X : x||y}
comp(X,�,≻) := (X × X)\inc(X,�,≻)

comp(E)
(X,�,≻) (x, y) ∈ X ×X �

(X,�,≻) comp(E) = ∅

X = {a, b, c, d}
E1 = (X,�1,≻1) E2 = (X,�2,≻2)

a ∼ b ∼ c E1 d
a b c

�1= {(a, b), (a, c), (b, c), (b, a), (c, a), (c, b)}
≻1 ≻2= {(a, b), (a, c), (b, c), (a, d)}

�2=≻2
2

E1 E2

inc(X,�1,≻1) = {(a, d), (b, d), (c, d)}
inc(X,�2,≻2) = {(b, d), (c, d)}

comp(X,�1,≻1) = {(a, b), (a, c), (b, c)}
comp(X,�2,≻2) = {(a, b), (a, c), (b, c), (a, d)}

(X,�1,≻1)
a, b ∈ X a b



a ∼ b ∼ c d

E1
a

b

c

d

E2

E1 E2

Ei := (X,�i,≻i) Ej := (X,�j

,≻j) X Ej

Ei �i �j ≻i ≻j

Ej Ei Ej �dext Ej

Ej Ei

i j
i

j

Ej Ei Ej

X Ei

Ei

X Ei := (X,�i,≻i)
Ei

Ej �dext Ei, a ∼i b b ≻j a

b ≻i a a ∼j b



a ∼ b ∼ c d

E1

a ∼ b ∼ c ∼ d

a ∼ b ∼ c

d a ∼ b ∼ c

d

E1

↑ Ei := {Ej : Ej �dext Ei}

Ei

Ei ↑ Ei

Ei

(X,�i,≻i) Ei

↑ E1 ↑ E2 ↑ E1

Ej Ei Ej Ei

�dext

↑ E (↑ E1,�dext)
(↑ E2,�dext)

�dext

�dext b ≻ d b ∼ d
n
E0 := (X,�0,≻0)

�0 ≻0 E0

a, b ∈ X a � b b � a

a = b.
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d

a
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c ∼ d

a

b

c

d

a

b

d

c

a

d

b

c

a

b ∼ d

c

E2



n E0

E0

↑ E0 = {Ej : Ej �dext E0}

(↑ E0,�dext)
n

Ei := (X,�i,≻i) �dext Ej := (X,�j,≻j)
Ej Ei (↑ E0,�dext)

X

(↑ E0,�dext)

ext(E0) := {E ∈↑ E0 : E }

E0 E0

⊆↑ E0

Ei ∈↑ E0 ↑ E0

Ei (↑ E0,�dext)
E

E C(E)

C(E) := {F ∈↑ E : F }

C(E2) E2

E
E = E0 C(E0)

(E0) ( (E0),�dext)
(↑ E0,�dext)

X = {a, b, c}
(i) a ≻ b ≻ c

(ii) a ∼ b ∼ c



↑ Ei Ei

(↑ E0,�dext)

Ei = (X,�i,≻i) Ej =
(X,�j,≻j) ↑ E0.

Ei Ej

Ej �dext Ei, Ej ∈ ↑ Ei

Ej �dcomp Ei comp (Ei) comp (Ej)

Ej �dcard−comp Ei |comp (Ej) | ≥ |comp (Ei) | comp (Ei)
comp (Ej)

Ej �dup Ei |C(Ei)| ≥ |C(Ej)| Ei

Ej

�dext

�dext

j i
Ej Ei

�dcomp j i
j

i
�dext �dcomp



�dext �dcomp

�dcard−comp j
i i

j
x y

x y
x y

x y
�dcard−comp i

j
i x y
j

C(Ei)
i

C(Ej) C(Ei)
�dup , j i

i j Ei

Ej

|C(Ei)| ≥ |C(Ej)| i

i j

j

X = {a, b, c} X

(i) a ∼ b a b c (ii)
a ∼ c a c b

�dcomp

(↑
E0,�dext) (↑ E0,�dcomp)

�dext , i j j

i,



i �dup

dcard−comp

dcard−comp

�d

↑ E0

�d

Ei Ej

↑ E0 Ej Ei Ej �d Ei

Ej Ei

�d Ej Ei

E2

E2

Ei Ej

↑ E0 Ei Ej

Ei ∼d Ej

�d Ei Ej

Ei Ej



a b c

d

Ei

a b c

d

Ej

a

b

c ∼ d

Ei

b

d

a ∼ c

Ej

Ei Ej

↑ E0 Ei Ej

Ei ∼d Ej

Ei Ej

Ei

a ≻ b c ∼ d Ej b ≻ d
a ∼ c Ej

Ei {a, b, c, d} 7→ {b, d, c, a}
Ei Ej

Ei = (X,�i

,≻i) (x, y) /∈ comp(Ei)
Ei ∪{x ≻ y} �i

≻i x ≻ y Ei ∪ {x ≻ y}



a b

c

d

Ei

a

bc

d

Ej

a

b

c

d

Ei ∪ {a ≻ b}

a

bc

d

Ej ∪ {a ≻ b}

Ei

↑ E0 (x, y)
Ei x ≻ y

Ei Ei ∪ {x ≻ y}

Ei Ej

↑ E0

(x ≻ y) /∈ Ei, Ej

x ≻ y Ei Ej

Ei ∼d Ej Ei ∪ {x ≻ y} ∼d Ej ∪ {x ≻ y}

Ei Ej

a ≻ b

Ei ∪ {a ≻ b} Ej ∪ {a ≻ b}

x ∼ y



Ei

Ej �d a ≻ b
Ei Ej

Ei ∪ {a ≻ b} Ej ∪ {a ≻ b} �d

(a ≻ b)
Ei Ej Ei ∼d Ej

Ei ∪ {a ≻ b} Ej ∪ {a ≻ b}

Ei �dcomp Ej Ej comp(Ei)
�dcomp

�dcomp

≻dcomp

�dcomp

�dext

�d �dcomp

�d �dext

�dcard−comp

dcard−comp �d

↑ E0 �d

�d=�dcard−comp

↑ E0

ext(E0)



Ei Ej

Ei

Ej

Ei Ej

�d

ext(E0) ⊂↑ E0 �d

�d=�dcard−comp

dup

dup Ei �dup Ej

C(Ei) Ei

C(Ej)

�dup f :↑ E0 → N



E ∈↑ E0

〈P1, . . . , PK〉
E 〈C(P1), . . . , C(PK)〉 C(E)

P1, . . . , PK

E

C(P1), . . . , C(PK) E

P1, . . . , PK

E

E ∈↑ E0

P,Q,R ∈↑ E0 〈P,Q,R〉
E

dup

f

X = {a, b} E

E P1 a ≻ b

P2 a ∼ b P3 b ≻ a



f
E

E, P,Q,R ∈↑ E0 E
f :↑ E0 → N 〈P,Q,R〉 E

f(E) = f(P ) + f(Q) + f(R)

G ∈↑ E0

f(G) = 1

dup E ∈↑ E0

C(E) E f(E) =
|C(E)| f :↑ E0 → N

E

〈P,Q,R〉
f

〈P,Q,R〉
E

f(E)
�dup

E

|C(E)| = 1 E



E

�dup

f :↑ E0 → N

Ej �dup Ei

f(Ej) ≤ f(Ei)

〈P1, . . . , PK〉 〈Q1, . . . , QL〉
Ei Ej

K ≥ L

h ∈ {1, . . . , L} Qh �dext Ph

Ph Qh

�dup

Ej Ei �dup

〈P1, . . . , PK〉 〈Q1, . . . , QL〉 Ei

Ej

Ej

Ei

Qh Ph Ej

Ei Qh Ph

Qh Ph

Ej Q1 =
Ej ∪ {a ≻ d} Q2 = Trcl(Ej ∪ {a ≺ d}) Q3 = Trcl(Ej ∪ {a ∼ d})

Ei P1 = Ei ∪ {a ≻ b} P2 = Trcl(Ei ∪ {a ≺ b})
P3 = Trcl(Ei ∪ {a ∼ b}) Q1 P1



a

b

c

d

Ej

a

b

c

d

Q1

a

b

c

d

Q2

b

c

a ∼ d

Q3

a

cd

b

Ei

a

b

c

d

P1

b

a

c d

P2

a ∼ b

dc

P3



Q2

P2 Q3 P3

Ej ≻dup Ei

|C(Ej)| = 7 |C(Ei)| = 11

X = {κa, κb, κc, κd, κf , κg},
κi

(↑ E0,�dext),

Ei �dext Ej =⇒ Ei �dcomp Ej =⇒ Ei �dcard−comp Ej

Ei �dext Ej =⇒ Ei �dup Ej

�dext �dcomp �dcard−comp

�dup

�dcard−comp

�dext �dcomp

�dup

�dext

(S,�,≻) f : S → R (S,�,≻)
a, b ∈ S, a � b f(a) ≥ f(b)



κb ∼ κd ∼ κg

κf κc

κa

E4

κb ∼ κd ∼ κg

κf κc

κa

E3
κb ∼ κd ∼ κg

κf

κc

κa

κb ∼ κd ∼ κg

κf ∼ κc

κa

κb ∼ κd ∼ κg

κf

κc

κa

κb ∼ κd ∼ κg

κc

κf

κa

κb ∼ κd ∼ κg

κf ∼ κa

κc

κb ∼ κd ∼ κg

κc

κa

κf

E3

E4



κd ∼ κg

κb ∼ κc

κfκa

E5

κb ∼ κc ∼ κg

κa κd

κf

E6

E5 E6

E6 E4

�dext

E3 E4

E3 E4

E3 ↑ E4

E3 E4

E3 E4 E5 E6 E4 E6 E1 E2

E3 ≻dext E4 E5 ||dextE6 E4 ||dextE6 E1 ||dextE2

E3 ≻dcomp E4 E5 ≻dcomp E6 E4 ||dcompE6 E2 ≻dcomp E1

E3 ≻dcard−comp E4 E5 ≻dcard−comp E6 E4 ∼dcard−comp E6 E2 ≻dcard−comp E1

E3 ≻dup E4 E5 ≻dup E6 E4 ∼dup E6 E1 ≻dup E2

E3 E4



E5 E6

�dext . κd ≻5 κb κb ≻6 κd

E5) = (E6) ∪ {(κa, κd)} E5

�dcomp

E5 E6

�dcard−comp

C(E5)
↑ E4 �dup

E6

E4 C(E6)
E5 ≻dup E6

E4 E6

E4 ∼dcard−comp E6 E3

E4 E3 ≻dcard−comp E4

E3 ≻dup E4

E3 ≻dcard−comp E6 E3 ≻dup E6

E4 E6

�dext .
E4 E6

�dcomp

E1 E2

E2 ≻dcard−comp E1 E1 ≻dup E2

E1

E2 �dcard−comp E ′

a ≻ b ≻ c d a, b, c
E1 E ′

E1 ∼dcard−comp E ′ E2

E ′

E2 ≻dcard−comp E1

E1



E1∪{a ≻ d} E1∪{a ∼ d} E1∪{a ≺ d}
E2

(b, d) E2 E ′′ b ≻ d
d ≻ b b ∼ d

E ′′

E2

E1 E1 ≻dup E2

�dcomp �dext

�dcard−comp

�dup

E5 ≻dcomp E6 E5 ≻dup E6, E2 ≻dcomp E1 E1 ≻dup E2

�dcomp �dup

�dcomp �dcard−comp �dcard−comp

�dup



�dext �dcomp

�dcard−comp

�dup

dcard−comp

�dcard−comp

X X ↑ E0

X = {x, y, z}
C1 = {x ∼ y} C2 = {x ≻ y} C3 = {y ≻ z}



↑ E0 �d �dcard−comp C1

�d C3

C1 ∼d C2 C2 ∼d C3 C1 C3

�d

X = {x, y}
C1 = {x ≻ y} C2 = {x ≺ y} C3 = {x ∼ y} E0 = {}

↑ E0 �d �dcard−comp E0

�d C1 C2 C3 �d

C1 E0

C1 E0

X = {x, y}
�d

�dcard−comp C3 �d C1

C2

C3 C1

X = {x, y, z}
C1 = {x ≻ y, x ≻ z} C2 = {y ≻ x, z ≻ x} C3 = {y ≻ x, y ≻ z}
C4 = {x ≻ y, z ≻ y} C5 = {z ≻ x, z ≻ y} C6 = {x ≻ z, y ≻ z}

↑ E0 �d �dcard−comp

C1 C2 C3, C4, C5, C6 C3 C4

C1, C2, C5, C6 C5 C6

C1, C2, C3, C4

C1 C3 C5

C2 C4 C6

X = {x, y, z, w}
C1 = {x ≻ w} C2 = {x ≻ z} C3 = {x ≻ w, y ≻ w} C4 = {x ≻ z, y ≻
w} ↑ E0 �d �dcard−comp

C3 C4 �d

C1 ∼d C2 y ≻ w C1 C2



C3 = C1∪{y ≻ w} C4 = C2∪{y ≻ w} C3

C4

dup

X = {x, y}
X

X F1 = {x ≻ y} F2 = {x ≺ y} F3 = {x ∼ y}
E0 = {} E0 ↑ E0 = {F1, F2, F3, E0}

f :↑ E0 → N

↑ E0

f
f(F1) = 1 f(F2) = 1 f(F3) = 1 f(E0) = 5

f
f(F1) = 2 f(F2) = 3 f(F3) = 4 f(E0) = 9

�d

�d

Ej �d Ei | (Ej) | ≥ | (Ei) |

Ext(E0) n
f :↑ E0 → Ext(E0)

Ei, Ej ∈↑ E0 Ej �d Ei f(Ej) �d f(Ei)

Ei ↑ E0 p(Ei)
p(Ei) Ei

Ei p(Ei)
f :↑ E0 → Ext(E0) Ei ∈↑ E0

f(Ei) :=

{

Ei Ei ↑ E0

p(Ei) Ei ↑ E0



f Ext(E0)
f Ei, Ej ∈↑ E0

Ej �d Ei f(Ej) �d f(Ei) Ej �d Ei

Ei Ej ↑ E0 f(Ei) = Ei

f(Ej) = Ej f(Ej) = Ej �d Ei = f(Ei)
Ei Ej ↑ E0

Ei ∼d p(Ei) = f(Ei)
Ej ∼d p(Ej) = f(Ej) Ej �d Ei f(Ej) ∼d Ej �d

Ei ∼d f(Ei) f(Ej) �d f(Ei)

Ei ↑ E0 Ej

↑ E0

f(Ej) �d f(Ei)

Ei ∈↑ E0

p(Ei) Ei

Ext(E0)
↑ E0

(Ext(E0),�dext)
Ei (Ext(E0),�dext)

Ei, Ej ∈ Ext(E0) | (Ei) | = | (Ej) |
Ei ∼d Ej

Ei, Ej ∈ Ext(E0) | (Ei) | = | (Ej) |
Ei ∼d Ej (Ei) (Ej)

| (Ei) | = | (Ej) | = 1

2 (n−2)
Ei ∼d Ej

Ei, Ej ∈ Ext(E0)
| (Ei) | = | (Ej) | = c Ei ∼d Ej 1 ≤ c <

n(n−1)
2



Ei, Ej ∈ Ext(E0) | (Ei) | = | (Ej) | =
c+ 1 Ei ∼d Ej

Ek ∈ Ext(E0) | (Ek) | = c Ei ≻dext Ek

Ei

(Ext(E0),�dext) Ek | (Ei) | = c + 1
| (Ek) | = c Ei ≻dext Ek

(a, b) ∈ X × X Ei = Ek ∪ {a ≻ b}

(a ≻ b) ∈ Ej Ej El

(Ext(E0),�dext) Ej = El ∪ {(a ≻ b)} | (Ek) |
= | (El) | = c Ek ∼d El

Ei = Ek ∪ {(a ≻ b)} Ej = El ∪ {(a ≻ b)}
Ei ∼d Ej

(a ≻ b) /∈ Ej (a ≻ b) ∈ Ej Ej

El (Ext(E0),�dext) Ej = El∪{(a ≻
b)} Ej ∈ Ext(E0)

Ext(E0) Êj

Êj Ej Êj

Êj Êl

Êj = Êl ∪ {(a ≻ b)} Êj ∼d Ej

Ek ∼ Êl

Ei = Ek ∪ {a ≻ b} ∼d Êl ∪ {(a ≻ b)} = Êj Ei ∼d Êj

Êj ∼d Ej

Ei ∼d Ej

Ei, Ej ∈ Ext(E0) | (Ei) | < | (Ej) |
Ej ≻d Ei

Ei, Ej ∈ Ext(E0) | (Ei) |= | (Ej) |
Ei ∼d Ej Ei, Ej ∈ Ext(E0)

| (Ei) | < | (Ej) | Ej ≻d Ei

Ej Ei

Ej ≻d Ei

Ej Ei

(Ext(E0),�dext)



M (Ext(E0),�dext) Ei, Em ∈ M Em ≻dext

Ei | (Em) | = | (Ej) | Em ≻d Ei

Em ∼d Ej

Ej ≻d Ei

�d=�dcard−comp

E ∈↑ E0 E
(x, y) ∈ X ×X x y E

S = (X,�S) a, b ∈ X a b
S Trcl(S ∪ {a ≻S b})

S ∪ {a ≻S b}
P,Q,R

P := Trcl(E ∪ {x ≻ y})

Q := Trcl(E ∪ {y ≻ x})

R := Trcl(E ∪ {x ∼ y})

P ∩Q ∩R = E
x ≻ y y ≻ x E

z ∈ X \ {x, y} x ≻ z y ≻ z
z ≻ x z ≻ y x ∼ y

E x ≻ y
E ∪ {x ≻ y} E ∪ {x ≻ y} x ≻ y
E Trcl(E ∪ {x ≺ y}) = E ∪ {x ≺ y}

Trcl(E∪{x ∼ y}) = E∪{x ∼ y}
P Q R E

x ≻ y E y ≻ x
E x ∼ y
E E ∪ {x ≻ y}

x ≻ y E y ≻ x

E



E ∪ {x ≻ y} x ≻ y E
Trcl(E ∪ {y ≻ x}) = E ∪ {y ≻ x} ∪ T T

X ×X
T E ∪ {x ∼ y}
Trcl(E ∪ {y ∼ x}) = E ∪ {y ∼ x} ∪ T

P ∩Q ∩R = [Trcl(E ∪ {x ≻ y})] ∩ [Trcl(E ∪ {y ≻ x})] ∩ [Trcl(E ∪ {x ∼ y})]

= [E ∪ {x ≻ y}] ∩ [E ∪ {y ≻ x} ∪ T ] ∩ [E ∪ {y ∼ x} ∪ T ]

P ∩ Q ∩ R = E T
P

x ≻ y E y ≻ x
E x ∼ y

E T1, T2 ⊂ X ×X

Trcl(E ∪ {x ≻ y}) = E ∪ {x ≻ y} ∪ T1

Trcl(E ∪ {y ≻ x}) = E ∪ {y ≻ x} ∪ T2

Trcl(E ∪ {y ∼ x}) = E ∪ {x ∼ y} ∪ T1 ∪ T2

T1 ∩ T2 = ∅
P ∩Q ∩R = E

P ∩Q ∩R = E
〈C(P ), C(Q), C(R)〉

C(E) C(P ) ∩ C(Q) = C(P ) ∩
C(R) = C(Q) ∩ C(R) = ∅

F ∈↑ E0

F /∈ C(P ) ∪ C(Q) ∪ C(R) F ∈ C(E)
F (x, y)

x ≻F y F P (x, y)
F ∈ C(E) \ C(P )

(z, w) F P

x ∼F y y ≻F x



x ≻ y E P = Trcl(E ∪ {x ≻
y}) = E ∪ {x ≻ y} F ∈ C(E) x ≻F y
a �P b ⇒ a �F b F P

(z, w) F
P

x ≻ y E E ∪ {x ≻ y} ⊂
Trcl(E ∪{x ≻ y}) = P

x y x ≻ y
T := Trcl(E ∪ {x ≻ y}) \ (E ∪ {x ≻ y})

E ∪{x ≻ y} (v � w) ∈ T
E ′ E x ≻E′ y v �E′ w

x ≻F y F E
v �F w P = E ∪ {x ≻ y} ∪ T

(z, w) F P

F ∈↑ E0 F /∈ C(P ) ∪
C(Q) ∪ C(R) F ∈ C(E) 〈C(P ), C(Q), C(R)〉

C(E) 〈C(P ), C(Q), C(R)〉 C(E)
P Q R

C(E)

f

f
n∗ n

S(↑ E0) := {s ∈ N : E ∈↑ E0 s = |C(E)|}

s
E E

s minS(↑ E0) = 1 maxS(↑ E0) = n∗

S(↑ E0) {s1, . . . , si, . . . , sM}
s1 = 1 sM = n∗ si < si+1 i ∈ {1, . . . ,M − 1}



E ∈↑ E0 C(E)
E f(E) = |C(E)|

|C(E)| ∈ {s1, . . . , si, . . . , sM}

|C(E)| = s1 = 1 E

f(E) = 1 f(E) = |C(E)|

f(E) = |C(E)| = si 1 ≤ i < M

E ∈↑ E0 |C(E)| = si+1

f(E) = |C(E)| = si+1

E ∈↑ E0 |C(E)| = si+1 > 1
(x, y) x y E

P := Trcl(E ∪ {x ≻ y}) Q := Trcl(E ∪ {x ≺ y}) R := Trcl(E ∪
{x ∼ y}) 〈C(P ), C(Q), C(R)〉 C(E)

f(E) = f(P )+f(Q)+f(R) P,Q,R
E max{|C(P )|, |C(Q)|, |C(R)|} ≤ si < si+1

f(P ) = |C(P )| f(Q) = |C(Q)| f(R) =
|C(R)| f(E) = |C(P )|+ |C(Q)|+ |C(R)|

|C(E)| 6= |C(P )| +
|C(Q)| + |C(R)| 〈C(P ), C(Q), C(R)〉

C(E) |C(E)| > |C(P )| + |C(Q)| + |C(R)|
|C(E)| < |C(P )|+ |C(Q)|+ |C(R)| |C(E)| = |C(P )|+ |C(Q)|+

|C(R)| = f(E)

⇐⇒ ⇐⇒
⇒ ⇐⇒

|C(Ej)| = f(Ej) ≤ f(Ei) = |C(Ei)| K := f(Ei) L :=

f(Ej) C(Ej) =
{

C
Ej

1 , . . . , C
Ej

L

}

C(Ei) =
{

CEi

1 , . . . , CEi

K

}

Ej Ei Qh :=

C
Ej

h h ∈ {1, . . . , L}
〈Q1, . . . , QL〉 Ej

Ph := CEi

h h ∈ {1, . . . , K} 〈P1, . . . , PK〉
Ei



L = f(Ej) ≤ f(Ei) = K
Ph Qh

⇒
⇒

〈P1, . . . , PK〉 〈Q1, . . . , QL〉 Ei

Ej Ph Qh

|C(Ej)| = |C (Q1)|+ · · ·+ |C (QL)|

|C(Ei)| = |C (P1)|+ · · ·+ |C (PK)|

K ≥ L h ∈ {1, . . . , L}
Qh �dext Ph Ph Qh

|C (Qh)| ≤ |C (Ph)| h =
{1, . . . , L}

|C(Ej)| ≤ |C(Ei)| Ej �dup Ei

⇒ ⇐⇒ ⇒

n
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